Entropy of continuous flows on compact 2-manifolds  by Young, Lai-Sang
Topology Vol. 16. pp. 469-471. Pergamon Press. 1977. Printed in Great Brimn 
ENTROPY OF CONTINUOUS FLOWS ON 
COMPACT 2-MANIFOLDS 
LAI-SANG YOUNG 
(Received 18 January 1977) 
TOPOLOGICAL entropy was introduced in [2] by Adler, Konheim and McAndrew. In the same 
paper they showed that homeomorphisms of the circle have entropy zero. We would like to 
prove the analogous result for flows on 2-manifolds. 
As usual, h(f) denotes the topological entropy of the map f. For a flow rp,, h(rp,) denotes the 
entropy of the time-f map of the flow, which is the same as ltlZr<(~~>. 
THEOREM. Let Q, be a continuous flow on a compact 2-dimensional manifold M. Then 
h(cp,) = 0. 
The idea of the proof is as follows: Via an ergodic measure we can realize the flow as a 
suspension of part of a circle. The problem is then reduced to a l-dimensional one and the base 
transformation has entropy zero for the same reason that homeomorphisms of the circle have 
entropy zero. 
I wish to thank R. Bowen for suggesting this problem. 
LEMMA 1. Let D C S’ be a subset of the circle. Let f: D+ D be a piecewise monotonic 
bijection and m an f-invatiant Bore1 probability measure on D. Then the measure-theoretic 
entropy off, h,(f) = 0. 
Proof. Piecewise monotonicity of f means that S’ is the union of finitely many disjoint 
intervals {I,, Z,, . . ., Zk} such that f restricted to each (4 fl D) is order-preserving. Let Q = 
{A,, . . ., A,} be any finite partition of D with the properties that Ai = D n (some interval) and 
that each Aj C some Zi. For any two partitions /3 and y of this kind, card (~3 v y)scard 
(/3)+card (y). We show by induction that for each n, the number of nonempty elements in 
: f-‘a is at most (n + 1)s. Each element in “i’ fmia is of the form D n (an interval), so by our 
i=O i=O 
induction hypothesis we have 
Gns+s 
= (n + 1)s. 
Since 
where 
h,,,Cf)=&H(rrv . . . vf-=+‘a) 
and it is a basic fact that Z+(B) 6 log card (/3), we have 
h,(f) s $&log (ns) = 0. 
Letting diam (a)+O, we have h,(f) = 0. ??
We next prove a topological lemma that describes the behavior of the Poincare map on 
cross-sections to the flow. 
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LEMMA 2. Suppose M is the n-hole torus (n 3 1) and 2 is a circle cross-section to the flow pt. 
Suppose also that D = {x E 2: cp,x E 2, some t > 0) # 4. Then the first return map f: D + I: is 
piecewise monotonic. 
Proof. Cut open M along 2,. This does not disconnect M, otherwise the return set D would 
be empty. The resulting manifold has two boundary components, with (p! pointing inward on 
one and outward on the other. Recall that compact orientable 2-manifolds with boundary are 
completely determined up to homeomorphisms by their Euler characteristic and number of 
boundary components. We claim that it suffices to prove the statement below: 
Assertion (*). Suppose after finitely many cuts we can obtain from M a manifold N of 
genus k (k > 0) whose boundary consists of 2 circles B1 and B2 with an orbit running from 
BI to B2 and where q+ restricted to each Bi looks like one of the following: 
Fig. 2. 
(In Fig. 1, rp, points either into the manifold or away from it on all of Bi. In Fig. 2, what has 
become of 2 consists of finitely many intervals on each one of which q~, points either in or 
out. These intervals are separated by flowlines of rp,.) 
Then either (1) the PoincarC map defined on what has become of 2 in N is piecewise 
monotonic, or (2) with 2 more cuts we can transform N into # of genus k - 1 having the 
same properties as N. 
Assuming (*) for the moment, we observe that after cutting M along C we obtain a 
manifold Mi with the properties in (*). By repeatedly reducing the genus of M, (if necessary) 
we shall after finitely many steps be left with a cylinder. Because of the fact that orbits cannot 
cross, we can see intuitively that in this case the Poincare map has to be piecewise monotonic. 
We now prove the assertion. Let N be the k-hole torus minus two disks. Cut along some 
orbit joining the 2 boundaries of N. This transforms N into N1, a manifold with one boundary 
component. Since Euler characteristic is augmented by 1 in this process, N, is the k-hole torus 
with one disk removed. Moreover, cpI restricted to the boundary is as in Fig. 2. 
Let f be the PoincarC map induced by qt and defined on the part of 8N1 where q, flows into 
the manifold. The following 2 cases may occur: 
Case 1. There are points a, b E Z (the original cross-section) such that a, b, f(a) and f(b) 
appear on aN1 in that order. 
Cut along the orbit from a to f(a). The new manifold N2 has 2 boundary components, 
[a, f(a)] along cpI U V(a), a] clockwise along aN, 
and 
[a, f(a)] along rp, U u(a), a] counter-clockwise along dN,. 
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Notice that they are again of the form described in (*). Also, the orbit segment [b, f(b)] goes 
from one component to the other (which, in particular, means that this last operation did not 
disconnect N,). Euler characteristic is increased by 1, so that N2 is the (k - 1)-hole torus with 
two disks removed. We have thus produced the fi asserted in (*). 
Case 2. The above does not occur, i.e. a, b, f(a), and f(b) never appear in that order. In this 
case one easily checks that f is piecewise monotonic. 
This proves the assertion and hence the lemma. I 
LEMMA 3. It sufices to prove the theorem for orientable manifolds. 
Proof. Suppose M is non-orientable. Let fi be the 2-sheeted orientable covering of M. Lift 
qt to CpI on fi so that the diagram 
commutes. We have h(cp,) =S h(&). 
Proof of theorem. Let &,, be the set of all q+-invariant Bore1 probability measures on M. By 
a theorem due to Goodwyn and Dinaburg[3], [4], 
Ncpt) = SUP h,(cp,). 
lLEAbl 
clergodic 
We fix one ergodic I_L E &,, and show that h,(qD,) = 0. 
A point x E M is called Poisson stable if x E O(X) fl a(x), o(x) and a(x) being the o-limit 
set and a-limit set of x respectively. Since p is cp,-invariant, g{x E M: x is Poisson stable} = 1. 
This together with ergodicity implies that the support of p is either a fixed point, a circle orbit, 
or O(p), the closure of the orbit of a nontrivially recurrent point. In the first two cases there is 
nothing to prove, so let us assume that supp (II) = O(p), p nontrivially recurrent. 
Observe at this point that we are done if M = S*, for on S* there are no nontrivially 
recurrent points. This follows from the Poincare-Bendixon Theorem. We may assume then for 
the rest of the proof that M is the n-hole torus, n 2 1. 
Through any nonsingular point of qI one can draw an arc that is a local cross-section for the 
flow[5]. If the point is nontrivially recurrent one can, in fact, make the cross-section the 
homeomorphic image of a circle. Let Z be one such cross-section through p. Let X = 
{x E O(p): x is nontrivially recurrent and O(x) tl Z # 4). Since every relatively open set of O(p) 
has positive p-measure and p is ergodic, the generic points of p lie in X and so FL(X) = 1. Let 
Y = X fl2. q.+ restricted to X is a special flow built on the PoincarC map f: Y + Y under some 
function, say g. One has [l] 
where m is the f-invariant measure induced on Y. By Lemma 2, f is piecewise monotonic and 
we know from Lemma 1 that such maps have entropy zero. Thus h,,,(f) = 0 and h,(& = 0. H 
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